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For each proper divisor d of q − √q + 1, with q an even power of a prime,
maximal curves of genus 12 
q−√q+1
d
− 1 that are q-covered by the Hermitian curve
are constructed. © 1999 Academic Press
1. INTRODUCTION
A maximal curve over a finite field q, is a projective geometrically ir-
reducible nonsingular algebraic curve defined over q whose number of
q-rational points attains the Hasse–Weil upper bound
q+ 1+ 2g√q ;
where g is the genus of the curve. These curves were studied in [R-Sti],
[Sti-X], [FT], [Geer-Vl1] (see also the references therein), [FGT], [FT1],
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[Geer-Vl2], [GT], and [CHKT]. Maximal curves have been intensively stud-
ied also in connection with Coding Theory in which such curves play an
important role [Go].
The Hermitian curve H , namely the plane curve defined by
Y
√
qZ + YZ√q = X√q+1; (1.1)
is a well-known example of a maximal curve over q. By a result of Lachaud
[La, Proposition 6], any nonsingular curve q-covered by H is also maximal:
indeed almost all of the known maximal curves arise in this way. Lachaud’s
result has pointed out two fundamental (and still open) problems, namely
the classification problem of maximal curves covered by H and the existence
problem of maximal curves not covered by H .
In this article, we present a new infinite class of maximal curves q-
covered by H , which arises from a cyclic automorphism group of H of order
q−√q+ 1, and contains a curve of genus 12 
q−√q+1
d
− 1 for each proper
divisor d of q−√q+ 1. The construction, together with some remarkable
properties, are given in Sections 5 and 6. Since the linear series D x= √q+
1P0, with P0 an q-rational point, plays an important role in some current
research on maximal curves over q, we have computed its dimension and
D; P orders for some points P . These curves are nonclassical (for the
canonical morphism) whenever d ≤ q − 2√q + 1=2√q − 1. Moreover,
for small values of d, especially for d = 3 (and √q ≡ 2 (mod 3)) our results
are also related to recent investigations on maximal curves having many
rational points, or equivalently, large genus with respect to q. Such maximal
curves are somewhat rare. However, their classification is a difficult task and
is still in progress. The first general result in this direction states that the
genus of a maximal curve over q is at most
√
q√q − 1=2 with equality
holding if and only if the curve is q isomorphic to the Hermitian curve, see
[Ih], [R-Sti]. In [FT] it is proved that no maximal curve over q has genus
g with g ∈√q − 12=4;√q√q − 1=2, a result conjectured in [Sti-X].
From [FGT, Theorem 3.1], the second largest genus of maximal curves
over q, q odd, is equal to √q− 12=4, and such curves are q isomorphic
to the Artin–Schreier curve y
√
q + y = x√q+1=2. For q even the second
largest genus is
√
q√q− 2=4, and it seems that curves having such a genus
are also unique up to q isomorphism (cf. [AT]). Instead, the problem of
determining the third largest genus seems to be much more involved and
heavily dependent on certain arithmetical behaviour of q as the list after
Remark 6.5 suggests. From [FT1, Proposition 2.5], the third largest genus,
for q odd, is at most √q − 1√q − 2=4. Good candidates come from
the known infinite classes of maximal curves q-covered by H , namely F2
and H3, where Ft is the Fermat curve x
√
q+1=t + y√q+1=t + 1 = 0 and Ht
the Artin–Schreier curve y
√
q + y = x√q+1=t , t being a proper divisor of
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√q + 1. It is worth mentioning that both F2 and H4 have genus √q −
1√q− 3=8, but they are not q isomorphic [CHKT]. Also, the curve Ht
has been characterized via the type of Weierstrass semigroups at q-rational
points [FGT, Theorem 2.3]. We conjecture that the candidate for the third
largest genus in the case of
√
q ≡ 2 (mod 3) is the maximal curve of genus
q−√q− 2=6 described in Section 6. This emerges from Section 3 where
maximal curves with dimD = 3 are investigated.
As in previous articles concerning maximal curves [FT], [FGT], [FT1],
[GT], and [CHKT] we have used Sto¨hr–Voloch’s approach to the Hasse–
Weil bound to carry on our research.
Conventions. The word curve means a projective geometrically irre-
ducible algebraic curve defined over a finite field q. For a curve X , X¯
denotes its nonsingular model over q.
2. BACKGROUND
In this section we collect some results concerning Weierstrass Point The-
ory, Frobenius orders, and maximal curves.
2.1. Weierstrass Point Theory and Frobenius Orders
Here we recall relevant material from Sto¨hr–Voloch’s [SV, Secs. 1 and 2].
Let X be a nonsingular curve of genus g defined over ¯q equipped with
the action of the Frobenius morphism FrX over q, and let D be a g
r
d on
X . Suppose that D is defined over q.
Associated to D we have two divisors on X , namely the ramification
divisor R = RD, and the q-Frobenius divisor S = SD; q. These divisors
provide a lot of geometrical and arithmetical information on X . We recall
that the set of Weierstrass points WX of X is the support of RK , where
K = KX is the canonical linear series on X .
For P ∈ X; let us denote by jiP = jDi P the ith D; P-order, by i =
Di the ith D-order (i = 0; : : : ; r), and by i = nuD; qi the ith q-Frobenius
order of D (i = 0; : : : ; r − 1). The following are the main properties of R
and S. Set p x= charq.
1) degR = 2g − 2Pri=0 i + r + 1d;
2) jiP ≥ i for each i and each P;
3) vPR ≥
Pr
i=0jiP − i and equality holds iff det jiPj  6≡
0 (mod p);
4) i is a subsequence of i;
5) degS = 2g − 2Pr−1i=0 i + q+ rd;
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6) For each i and for each P ∈ Xq, i ≤ ji+1P − j1P;
7) For each P ∈ Xq, vPS ≥
Pr−1
i=0ji+1P − i and equality
holds iff det ji+1P
j
 6≡ 0 (mod p).
Therefore if P ∈ Xq, 6) and 7) imply
8) vPS ≥ rj1P.
Consequently, from 5) and 8) we obtain the main result of [SV], namely
9) #Xq ≤ degS=r.
2.2. Maximal Curves
We summarize some results from [FGT] and [FT1]. Let X be a maximal
curve over q. The key property of X is the following linear equivalence
[FGT, Cor. 1.2]
√
qP + FrXP ∼ 
√
q+ 1P0; P ∈ X; P0 ∈ Xq: (2.1)
Hence, for P0 ∈ Xq, X is equipped with the linear series
DX x=
√q+ 1P0 ;
which does not depend on the choice of the q-rational point P0. Also DX is
q invariant in the sense that the Frobenius morphism FrX takes any divisor
of DX to a divisor of the same linear series. We have that dimDX ≥ 2
[Sti-X, Prop. 1] (see also [FGT, Prop. 1.5(iv)]). Furthermore we have the
Lemma 2.1. Let X be a maximal curve of genus g over q. The following
statements are equivalent:
1. X is q isomorphic to the Hermitian curve (so that g = √q√q −
1=2);
2. g > √q− 12=4;
3. dimDX = 2.
Proof. See [R-Sti] and [FT1, Thm. 2.4].
Set n + 1 x= dimDX, jiP x= jDXi P, i x= DXi , i x= DX ; qi ; and
denote by miP the ith nongap at P ∈ X . So from (2.1), for each P ∈ X
the following holds:
m0P = 0 < m1P < · · · < mnP ≤
√
q: (2.2)
Moreover, mnP = √q if P 6∈ Xq2, mn+1P = √q + 1 if P ∈ Xq,
and mn−1 = √q− 1 if P 6∈ WX and n+ 1 ≥ 3 (see [FGT, Prop. 1.5(iv)(v)]).
The main properties of the DX ; P orders, DX orders, and q-Frobenius
orders of DX are the following (see [FGT, Sect. 1], [FT1, Sect. 2.2]).
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1. For each P ∈ X , j1P = 1 so that 1 = 1;
2. n+1 = n = √q;
3. If P ∈ Xq, then the DX ; P orders are √q + 1 −miP (i =
0; 1; : : : ; n+ 1) so that vPRDX ≥ 1;
4. If P 6∈ Xq, then jn+1P = √q and there exists I = IP ∈ 1; n
such that
√
q−mnP < · · · < √q−mn−I+1 < jIP
<
√
q−mn−I < · · · < √q−m0P
are the DX ; P orders.
5. In particular, if P 6∈ WX , then m˜i = miP is independent of P;
hence
√
q− m˜i is a D order for i = 0; 1; : : : ; n.
6. i = √q − m˜n−i for i = 0; : : : ; n, so that 1 = 1 whenever n +
1 ≥ 3.
3. ON MAXIMAL CURVES WITH dimDX = 3
Let X be a maximal curve over q of genus g. We keep the notations
of Section 2. To study X , by Lemma 2.1, we can assume that g ≤ √q −
12=4 or equivalently that dimDX ≥ 3. This section deals with the case
dimDX = 3. So the DX orders are 0 = 0, 1 = 1; 2 and 3 = √q,
and the q-Frobenius orders of D are 0 = 0, 1 = 1; and 2 = √q (cf.
Sec. 2.2(1)(5)(6)).
We first state a sufficient condition to have dimDX = 3 and to com-
pute 2.
Lemma 3.1. Let X be a maximal curve over q of genus g such that
√q− 1√q− 2=6 < g ≤ √q− 12=4:
Then
1. dimDX = 3.
2. 2 ≤ 3 and 2 = 2 provided that p = charq 6= 3.
Proof. (1) Since
√
q,
√
q + 1 ∈ HP for each P ∈ Xq, (see
Sect. 2.2), DX is simple and hence we can apply Castelnuovo’s genus
bound for curves in projective spaces as given in [FGT, p. 34]: g satisfies
2g ≤
8>><>>:
q− n=22
n
if n is even;
q− n=22 − 1=4
n
otherwise;
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where n+ 1 = dimDX. Therefore n+ 1 ≥ 4 would imply g ≤ q− 1q−
2=6, a contradiction. Then we have n + 1 ≤ 3 and Lemma 2.1 implies
n+ 1 = 3.
(2) Let P ∈ Xq. By Sect. 2.1 (7) and (2), vPS ≥ j2P + 1 ≥
2 + 1. This inequality, the maximality of X and Sect. 2.1(5) implies
√q+ 12g − 2 + q+ 3√q+ 1
≥ 2 + 1
√q+ 12 +√q2g − 2: ∗
If 2 ≥ 4, then we would have
√q+ 1q − 5√q− 2 ≥ 2g − 24√q− 1;
and from the upper bound on g it follows that 0 > q− 2√q+ 10, a contra-
diction.
Now 2 = 3 implies
(3
2
 ≡ 0 (mod p) by the p-adic criterion [SV, Cor.
1.9] and hence p = 3. This finishes the proof of (2).
Remark 3.2. Here we show that the hypothesis on the genus in Lemma
3.1 (1) is sharp whenever
√
q ≡ 0 (mod 3).
Let q = pm with m even and 1 ≤ r ≤ m=2. van der Geer and van der
Vlugt [Geer-Vl1, Thm. 3.1], [Geer-Vl2, Remark 5.2] constructed a maximal
curve X over q of genus pr − 1√q=2, by considering fibre products of
curves of type yp − y = ax√q+1 with a ∈ ∗q satisfying a
√
q + a = 0. It is not
difficult to see that a plane model for X is given by an equation of type
rX
i=0
y
pi
1 = bx
√
q+1;
where b ∈ ∗q and b
√
q + b = 0 so that X is q-covered by the Hermitian
curve. (The case r = m=2 has worked out in [G-Sti, Sect. V, Example E]).
Set D x= DX and let P0 ∈ Xq be the unique point over x = ∞. Now
we can apply the case “mn = `” in [FT1] to show the following facts:
1. dimD = pm=2−r + 1;
2. The D; P orders are as follows:
(i) 0,
√
q+ 1− ipr , i = 0; 1; : : : ; pm=2−r if P = P0;
(ii) 0, 1; : : : ; pm=2−r and
√
q+ 1 if P ∈ Xq \ P0;
(iii) 0, 1; : : : ; pm=2−r and
√
q if P ∈ X \ Xq.
In particular, (putting p = 3 and r = m=2 − 1) there exists a maximal
curve X of genus
√
q√q − 3=6 such that dimDX = 4. This shows the
sharpness of the upper bound for the genus in Lemma 3.1 (1) for
√
q ≡
0 (mod 3).
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Remark 3.3. Let X be a maximal curve over q of genus g such that
dimDX = 3.
(1) If 2=2, then Sects. 2.1(1), 2.2(3), and the maximality of X imply
g ≥ q− 2√q+ 3=6.
(2) If 2 = 3, then relation ∗ in the proof of Lemma 3.1 implies
2g − 2 ≤ √q+ 1q − 4√q− 1=3√q− 1. Notice that the upper bound
on g in Lemma 3.1 is equivalent to 2g − 2 ≤ √q+ 1√q− 3=2.
Next we investigate the values of m1P for P ∈ Xq when dimDX =
3. Notice that m1P ≥ √q=2 since 2m1P ∈ HP and m2P = √q,
and that g is bounded from above by the genus of the semigroup
m1P;√q;√q + 1. We have the following result due to Fuhrmann
(see also [Sel, Sect. 3.II]).
Lemma 3.4 (F, Sect. A2). Let `;m ∈  such that m=2 ≤ ` < m. Let g˜
be the genus of the semigroup `;m;m+ 1.
1. If ` 6∈ m+12 , m− 1,  2m+23 ;m− 2, then
g˜ ≤
8>>>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>>>:
maxm2 + 4=8; m2 + 3m=10 if ` ≤ 3m=5;
m2 − 5m+ 24=6 if 3m=5 ≤ ` <  2m+23 ,
m2 − 7m+ 70=6 if m ≡ 2 (mod 3) and
2m+ 5=3 ≤ ` ≤ m+ 1
−√m+ 1;
m2 − 5m+ 40=6 if m ≡ 1 (mod 3) and
2m+ 4=3 ≤ ` ≤ m+ 1
−√m+ 1;
m2 − 3m+ 18=6 if √q ≡ 0 (mod 3) and
2m+ 3=3 ≤ ` ≤ m+ 1
−√m+ 1;
m2 + 2m+ 9=8 if m+ 1−√m+ 1 < ` < m− 2:
2. If ` ∈ m+12 ;m− 1, then g˜ = m− 12=4.
3. If ` ∈  2m+23 ;m− 2, then
g˜ =
( m2 −m+ 4=6 for m ≡ 2 (mod 3);
m2 −m=6 otherwise:
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Corollary 3.5. Let X be a maximal curve over q. Suppose that
dimDX = 3 and that 2 = 2. Then for P ∈ Xq we have that
m1P ∈
√q+12 ;√q− 1;  2√q+23 ;√q− 2}:
Proof. The genus g of X is bounded from above by the genus of the
semigroup m1P;√q;√q + 1. Then the result follows by applying the
lemma with m = √q taking into consideration that g ≥ q − 2√q + 3=6
(Remark 3.3(1)).
Remark 3.6. Let X be a maximal curve over q and let P ∈ Xq.
(1) If q is odd and m1P = √q+ 1=2, then dimDX = 3, 2 = 2;
and X is q isomorphic to the nonsingular model of y
√
q + y = x√q+1 [FGT,
Thm. 2.3].
(2) If q is even and m1P = √q=2, then dimDX = 3, 2 = 2; and X
is q isomorphic to the nonsingular model of
Pt
i=0 y
√
q=2i = x√q+1, √q = 2t
[AT].
Lemma 3.7. Let X be a maximal curve over q such that dimDX = 3.
Then there exists P ∈ Xq such that m1P + 2 = √q+ 1.
Proof. This follows from the proof of [FGT, Prop. 1.5(v)]; for the sake
of completeness we write a proof. By Section 2.2(3), for each P ∈ Xq,
j2P = √q + 1−m1P so it will be enough to show that j2P = 2 for
some q-rational point. Suppose that j2P > 2 for each P ∈ Xq so that
vPRDX  ≥ 2 (see Sect. 2.1(2)(3)). Using 2 ≤ √q − 1 and the maximality
of X from Sect. 2.1(1) we have
2
√
q2g − 2 + 4√q+ 1 ≥ 2√q2g − 2 + 2√q+ 12;
i.e., 0 ≥ √q+ 12√q− 2, a contradiction.
It follows immediately the
Corollary 3.8. Let X be a maximal curve over q with dimDX = 3.
Then the number √q − 2 (resp. √q − 1) is realized as a nongap at a
q-rational point of X iff 2 = 3 (resp. 2 = 2).
Remark 3.9. From Remark 3.6, the number
√
q− 1 is always realized as
a nongap at q-rational points of maximal curves. So far we do not know
any example of a maximal curve over q with dimDX = 3 and having a
q-rational point P with m1P ∈  2
√
q+2
3 ;
√
q− 2.
Remark 3.10. If q is a square and
√
q ≡ 0 (mod 3), there exists a maxi-
mal curve X over q whose genus is
√
q√q− 1=6. Indeed, this is a partic-
ular case of the maximal curves constructed in [Geer-Vl2, Prop. 5.1]. From
Lemma 3.1 it follows that dimDX = 3.
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We finish this section giving a characterization of the set SuppSX. Let
n + 1 = dimDX, X being a maximal curve over q. Let P ∈ X \ Xq.
From the proof of [GT, Thm. 2.1] we see that P ∈ SuppSDX  ⇒ m1P <√
q − n + 1. As a scholium of (loc. cit.), for n + 1 = 3 the converse also
holds:
Lemma 3.11. Let X be a maximal curve over q with dimX = 3. Then
SuppSDX  = Xq ∪ P ∈ X \ Xq: m1P <
√
q− 1:
Proof. We already know that Xq ∪ P ∈ X \ Xq: m1P < √q −
1 ⊆ SuppSDX  by Section 2.1(8) and the remark stated before the lemma.
Conversely let P ∈ X \Xq with m1P < √q− 1. Then the D; P orders
are j0 = 0, j1 = 1, j2 = q −m1P; and √q (see Sect. 2.2(4)). Let u, v,
w ∈ ¯qX such that j1P +D1 = divu + √q + 1P0 with P 6∈ SuppD1;
divv = Dv −m1PP with P 6∈ SuppDv and divw = √qP + FrXP −
√q+ 1P0 (Sect. 2.1). Then
divuv + √q+ 1P0 = Du + j2PP + FrXP and
divv + √q+ 1P0 = √qP + FrXP
so, according to the proof of [SV, Thm. 1.1], FrXP belongs to the tangent
line at P . This line is generated by P and D1t P, where  = 1 x
u x uv x w, D1t  = 0 x D1t u x D1t uv x D1t w and t is a local parameter at
P . Since the q orders are 0, 1; and
√
q (see Sect. 2.2(6)) it follows that
P ∈ SuppSDX .
4. PLANE MODELS FOR THE HERMITIAN CURVE
The aim of this section is to introduce two further plane models for the
Hermitian curve H defined by (1.1).
4.1. A Plane Singular Model for p x= charq ≥ 3
The Hermitian curve has a cyclic automorphism  of order q−√q+ 1.
Using (1.1), this automorphism becomes a linear collineation. Unfortu-
nately, the associated matrix is not in diagonal form, and the model (1.1)
is not appropriate to investigate those properties of the Hermitian curve
which depend on  . This was recognized at first in [C], [CK], [CK1] in the
study of  -invariant arcs, or, equivalently, of arcs that are the complete in-
tersection of two Hermitian curves in a suitable mutual position. In [CK], a
useful singular plane model was considered for the Hermitian curve. Actu-
ally, this model arises from the algebraic envelope of a  -invariant arc, via
Segre’s fundamental theorem of k arcs, see [Se], [H, Thm. 10.4.3]. The same
curves covered by the hermitian curve 65
model allows us to determine the quotient curve with respect to the auto-
morphism  q−
√
q+1=d, for each proper divisor d of q − √q + 1. These
curves are maximal and are investigated in Section 5. Here we limit our-
selves to describe how an equation for this model can be obtained. The
starting point is the following lemma which follows from the main result in
[CK] and [R-Sti].
Lemma 4.1. The nonsingular model C¯ of the algebraic envelope C of a
 -invariant arc in 2q, regarded as a curve of degree 2√q + 1 in the
dual plane of q, is q isomorphic to the Hermitian curve over q.
Let
: 2¯q → 2¯q; x x y x z 7→ ax x aq+1y x z;
where a ∈ q3 is a primitive q2 + q+ 1th root of unity, and let
E x= 1 x 1 x 1:
Then the orbit of E under  is given by
5 = ai x aq+1i x 1: i = 0; 1; : : : ; q2 + q}:
Lemma 4.2 (4, Prop. 1). The set 5 is a projective subplane of 2q3
lying in a nonclassical position, i.e. 5 6= 2q.
Then 5 = 2q with q a field isomorphic to q. Now if C: FX;
Y;Z = 0, with F ∈ qX;Y;Z, one writes the corresponding curve C′
over ¯q = ¯q3 as follows. Let
A1 x= 1 x 0 x 0; A2 x= 0 x 1 x 0; A3 x= 0 x 0 x 1;
and choose three points A′1; A
′
2; A
′
3 ∈ 5 such that A′1A′2A′3E is a nonde-
generate quadrangle. Let
: 2¯q → 2¯q3
be the projective map such that Ai = A′i (i = 1; 2; 3) and E = E.
Then C′ x= C. Let
: 2¯q → 2¯q; x x y x z 7→ z x x x y;
and
: 2¯q → 2¯q; x x y x z 7→ xq x yq x zq:
Lemma 4.3. 1. 5 is the set of fixed points of  ◦ , i.e.,  ◦  is the
Frobenius morphism in the new frame A′1A
′
2A
′
3E.
2. The curve C′ is defined over q iff C = C.
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Proof. (1) It is clear that 5 is contained in the set of fixed points
of  ◦ . Conversely let P = b x c x 1 be a fixed point of  ◦ ; then
1 x bq x cq = b x c x 1 so that bcq = 1 and bq+1 = c. Then bq2+q+1 = 1
and (1) follows.
(2) Let G = GX ′; Y ′; Z′ = 0 be the equation of C′, i.e., F = G ◦
 ∗. Then C′ is defined over q iff G ◦  ◦  ◦  = Fr ◦G ◦ ; where
Fr is the Frobenius morphism on 1¯q. So (2) follows from ∗ and the
fact that C is defined over q.
Lemma 4.4. 1. The curve C′ in coordinates X0;X1;X2 = kX;Y;Z
is defined by
GX0;X1;X2
= X21X
2
√
q
2 +X20X
2
√
q
1 +X
2
√
q
0 X
2
2
− 2(X√q+10 X√q1 X2 +X√q0 X1X√q+12 +X0X√q+11 X√q2  = 0: (4.1)
2. The curve C′ is defined over q.
Proof. (1) See [CK, Prop. 6].
(2) We know that C is defined over q and that F = G ◦ . Then, to
apply Lemma 4.4, it is enough to show that G ◦  ◦  = G ◦ . This easily
can be checked using (4.1).
Starting from (4.1) we can write an equation for C over q as follows.
Let
A′1 = a x aq+1 x 1 A′2 = 1 x a x aq+1 A′3 = aq+1 x 1 x a;
where a ∈ q3 is as above. Since a−q−1 = aq2 and a−1 = aq2+q, then A′2,
A′3 ∈ 5. Let  be the projective map induced by the matrix
M =
2664
a 1 aq+1
aq+1 a 1
1 aq+1 a
3775 : (4.2)
This map sends Ai to A
′
i for i = 1; 2; 3 and fixes E, and since a +
1detM = a2 + a + 1, M is nonsingular. Hence we have the main re-
sult of this subsection:
Proposition 4.5. A plane model over q for the Hermitian curve H is
given by
HX;Y;Z
= GaX + Y + aq+1Z; aq+1X + aY + Z;X + aq+1Y + aZ = 0;
with G defined in (4.1).
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4.2. A Plane Nonsingular Model over √q3
It is well known that the Hermitian curve H is projectively equivalent
over q to the curve of equation
HX;Y;Z = X√q+1 + Y√q+1 + Z√q+1 :
Proposition 4.6. The Hermitian curve H is √q3 isomorphic to the pro-
jective plane curve C′ defined by
GX0;X1;X2 = X
√
q
0 X2 +X
√
q
2 X1 +X
√
q
1 X0 :
We first prove the
Lemma 4.7. There exists a ∈ √q3 satisfying the following properties:
1. a1 x= aq
√
q+√q + aq+√q+1 + a = 0;
2. a2 x= aq
√
q+q+√q+1 + a√q+1 + 1 = 0;
3. a3 x= aq
√
q+√q+1 + aq+1 + a√q 6= 0;
4. The matrix M in (4.2) is nonsingular.
Proof. We claim that a root a of the polynomial f X = X√q+1+X + 1
satisfies the lemma. In fact, from a
√
q+1 + a+ 1 = 0 ∗ we have aq+√q +
a
√
q + 1 = 0 ∗1 so that aq+√q+1 + a√q+1 + a = 0 ∗2. From ∗ and ∗2,
aq+
√
q+1 = 1 ∗3 so that a√q3 = a ∗4, i.e., a ∈ √q3 .
Now a1 = aq
√
q+√q + aq+√q+1 + a = a1+√q + aq+√q+1 + a = 0 by ∗4
and ∗2; a2 = aq
√
q+q+√q+1 + a√q+1 + 1 = a + a√q+1 + 1 = 0, by ∗4,
∗3; and ∗.
To prove (3), from ∗4; ∗; and ∗3 we have aa + 1a3 = −a2 +
a+ 12; and so a3 = 0 iff a2 + a+ 1 = 0. Now f X has √q+ 1 different
roots; then, as
√
q + 1 ≥ 3, we can pick a root a of f X such that a2 +
a+ 1 6= 0.
Statement (4) follows from the identity a + 13detM = a2 + a+ 13
and the proof of (3).
Proof (Proposition 4.6). Let a ∈ √q3 be as in Lemma 4.7. We use the
notations of the preceding lemma. Let : 2¯q → 2¯√q3 be the projec-
tive map defined by M in (4.2). Then −1C′ is the projective plane curve
defined by
G
(
aX + Y + aq+1Z; aq+1X + aY +Z;X + aq+1Y + aZ = 0 :
After some computations we obtain
G
(
aX + Y + aq+1Z; aq+1X + aY +Z;X + aq+1Y + aZ
= a3HX;Y;Z + a2GX;Y;Z + a1GY;X;Z
and we are done.
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5. THE CASE d DIVIDES (q-
√
q+ 1)
Throughout this section we assume that q is a square power of an odd
prime and that d is a positive divisor of q−√q+ 1. The main result here
is the
Theorem 5.1. Let q be a square power of an odd prime. Then for each
positive divisor d of q − √q + 1 there exists a maximal curve over q of
genus 12 
q−√q+1
d
− 1.
Remark 5.2. If
√
q ≡ r (mod d) and r2 − r + 1 ≡ 0 (mod d), then d is
odd and gcdr; d = 1. Then d = 3 iff r = 2 and if d > 3, then 6 divides
d,  being the Euler function. In particular, if d is prime, then d ≡
1 (mod 6).
To prove the theorem we use the model C′ over q of the Hermitian
curve H stated in Lemma 4.4. We use the notations of subsection 4.1 and
set x x= X0=X2, y x= X1=X2. Then, according to (4.1), C′ is defined by the
affine equation
y2 + x2y2√q + x2√q − 2(x√q+1y√q + x√qy + xy√q+1 = 0:
We recall that C′ has three singular points, namely A1, A2; and A3, each
of them being a two-fold point and the center of a quadratic branch Pi ∈
C¯′, i = 1; 2; 3 [CK, Prop. 8]. Moreover, if t is a local parameter at P3, a
primitive representation of P3 is given by (loc. cit)
x = t2; y =
∞X
i=0
t2
√
q+iq−√q+1: (5.1)
Since  leaves C′ invariant, maps A3 into A1, and A1 to A2; we obtain the
following primitive representations for P1 and P2; respectively:
x = t−2√q + · · · y = t−2√q−2 + · · ·
and
x = t2√q−2 + · · · y = t−2 + · · · :
Hence, we have the
Lemma 5.3. The divisors of x; y ∈ ¯qC¯′ are, respectively,
divx = 2√q− 2P2 + 2P3 − 2
√
qP1
and
divy = 2√qP3 − 2
√
q− 2P1 − 2P2:
In particular, x; y ∈ qC¯′.
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Next consider the morphism
 = 1 x xd x yd: C¯′ → 2¯q:
Since P = teP P x teP xdP x teP ydP, where t is a local param-
eter at P and eP x= min 0; dvPx; dvPy, vP being the valuation at P ,
from the previous lemma we see that  is totally ramified at P1, P2; and
P3. Set X ′ x= C¯′.
Lemma 5.4. The induced morphism ¯: C¯′ → X¯ ′ is a d-sheeted covering
defined over q which is ramified precisely at P1, P2; and P3. Moreover, ¯ is
totally ramified at each of these points.
Proof. The morphism ¯ is defined over q by Lemma 5.3. From (5.1)
we see that P ′3 ∈ X¯ ′ over A3 has a representation of type x′ = t2d and
y ′ = P∞i=0 t2√q+iq−√q+1d. Putting  = td we see that P ′3 has a primitive
representation of type
x′ = 2 y ′ = 2√q + d2√q+q−√q+1=d + · · · ;
showing that ¯ has degree d. Let P ∈ C¯′ \ P1; P2; P3, hence a point over
a x b x 1 ∈ C′ with a 6= 0 and b 6= 0. Then P has a primitive representation
of type
x = a+ t y = b+ b1t + · · · ;
with b1 6= 0 so that a point P ′ ∈ X¯ ′ over a x b x 1 has a primitive
representation of type
x′ = ad + dt + · · · y ′ = bd + dbd−1b1t + · · · :
This shows that #¯−1¯P = d and the proof is complete.
Proof (Theorem 5.1). We show that X¯ ′ above, satisfies the theorem.
This curve is maximal over q by Lemma 4.1, Lemma 4.4, and [La, Prop.
6]. To compute the genus g of X¯ ′ we apply the Riemann–Hurwitz formula
for ¯: C¯′ → X¯ ′ taking into consideration Lemma 5.4. We have
√
q√q− 1 − 2 = d2g − 2 + 3d − 1;
which gives g = 12 
q−√q+1
d
− 1.
Remark 5.5. In the above notations, we have a commutative diagram
H = C¯ H = C¯′
X¯ X¯ ′


˜ ˜
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where X x= −1X ′ and ˜ is the morphism induced by −1 ◦  ◦ . We
have shown, indeed, that X¯ ′ is a maximal curve over q ∼= q. A plane
model for X is given by
FX;Y;Z
= F ′(aX + Y + aq+1Z; aq+1X + aY +Z;X + aq+1Y + aZ = 0;
where F ′X0;X1;X2 = 0 is a minimal equation for X ′. As in the proof of
Lemma 4.4, we see that X is defined over q iff X ′ = X ′. For d = 3; and
using another model for H , we are able to write down an explicit equation
for X over q (see Section 6).
To conclude this section we state some remarks on the dimension of
DX¯ ′ = √q + 1P0 (cf. Sect. 2.2) and on Weierstrass semigroups at some
points of X¯ ′. We keep the above notations.
For i = 1; 2; 3, let P ′i ∈ X¯ ′ be the unique point over Ai and let
Qi x= ¯−1P ′i. Since A1 = A2, A2 = A3; and A3 = A1 and
these points do not belong to 5, then Q1; Q2; and Q3 are not q rational.
In addition, as p does not divide d, the Weierstrass semigroups HQi and
HP ′i at Qi and P ′i ; respectively are related to each other as follows (see,
e.g. [T, proof of Lemma 3.4])
S x= HP ′i =

h=d: h ∈ HQi; h ≡ 0 (mod d)
}
:
Moreover, HQi can be computed as follows [G-Vi, Thm. 2],
S˜ x= HQi =  \

r
√
q+ s + 1: r + s ≤ √q− 2}
=
√
q−2[
j=1

j
√
q− j − 1; j√q ∪ 0; q− 2√q+ 2; q− 2√q+ 3; : : :}:
Hence, from (2.2) we have the
Proposition 5.6. For the curve X¯ ′ above,
dimDX¯ ′  = 1+#

h > 0: h ∈ S˜; h ≡ 0 (mod d); h ≤ d√q}:
Example 5.7. Let us consider the case d = 7, i.e., 7  q−√q+ 1 (the
case d = 3 is discussed in Section 6). By Remark 5.2, √q ≡ 3 (mod 7) or
curves covered by the hermitian curve 71
√
q ≡ 5 (mod 7). The positive elements of S˜ less than or equal to 7√q are
7
√
q− 6; 7√q− 5; 7√q− 4; 7√q− 3; 7√q− 2; 7√q− 1; 7√q
6
√
q− 5; 6√q− 4; 6√q− 3; 6√q− 2; 6√q− 1; 6√q
5
√
q− 4; 5√q− 3; 5√q− 2; 5√q− 1; 5√q
4
√
q− 3; 4√q− 2; 4√q− 1; 4√q
3
√
q− 2; 3√q− 1; 3√q
2
√
q− 1; 2√q
√
q:
So we have:
(1) If
√
q ≡ 3 (mod 7), then 7√q; 6√q − 4; 5√q − 1; and 3√q − 2
are the elements of S˜ which are ≤ 7√q and ≡ 0 (mod 7). Thus, if √q = 3,
then dimDX¯ = 4, and if √q > 3, then dimDX¯ = 5.
(2) If
√
q ≡ 5 (mod 7), then 7√q; 6√q − 2; 5√q − 4; and 3√q − 1
are the elements of S˜ which are ≤ 7√q and ≡ 0 (mod 7). Then dimX¯ = 5.
Notice that the DX¯ ; P ′i orders can be computed by means of Sec-
tion 2.2 (4).
6. THE CASE 3 DIVIDES q-√q+ 1
Throughout this section we let 3 be a divisor of q−√q+ 1, or equiva-
lently, let
√
q ≡ 2 (mod 3). We keep the notations of Section 4. To construct
a curve X¯ over q of genus q−√q− 2=6, we use the equation for C′ = C¯′
over √q3 given in Proposition 4.6. The construction is similar to the one
given in Section 5 but we work in any characteristic and we shall write down
an explicit equation for X .
Let X ′ be the curve in 2¯q defined by
F ′X0;X1;X2 x= GX0;X1;X2 − 3X0X1X2
√
q+1=3
= X
√
q
0 X2 +X
√
q
2 X1 +X
√
q
1 X0
− 3X0X1X2
√
q+1=3: (6.1)
and consider the projective morphism
 = X30 x X31 x X32: C′ = C¯′ → 2¯q:
Lemma 6.1. 1. The curve X ′ is geometrically irreducible.
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2. C′ = X ′.
3. Let x x= X0=X2, y x= X1=X2 ∈ ¯√q3C′. Then
divx = √q− 1A2 +A3 −
√
qA1
and
divy = √qA3 − 
√
q− 1A1 −A2:
4. The morphism  induces a three-sheeted covering ¯: C′ → X¯ ′ ram-
ified only at A1, A2, and A3. Moreover ¯ is totally ramified at each of these
points.
5. The genus of X¯ ′ is 12 
q−√q+1
3 − 1.
Proof. (1) Each fundamental line Xi = 0 (i = 0; 1; 2) meets X ′ in
only two points. Assume that X ′1 is a component of X
′. Clearly X ′1 must
meet each fundamental line in at least one point. This implies that at least
two points in the set S x= A1;A2;A3 lie on X ′1. If we had a further
component X ′2 of X
′, then this component would also pass through two
points of S and one of these points certainly would be a common point of
X ′1 and X
′
2. Then a point of S would be a singular point of X
′ which is not
the case, as a direct computation shows.
(2) From the identity
a3 + b3 + c3 − 3abc = a+ b+ c2a+ b+ ca+ b+ 2c;
where  is a primitive 3th root of unity, we have that
F ′X30 ;X31 ;X32 = GX0;X1;X2GX0; X1;X2GX0;X1; X2:
This, and (1), implies (2).
(3) Similar to the proof of Lemma 5.3.
(4) Similar to the proof of Lemma 5.4.
(5) Follows from (4) and the Riemann–Hurwitz formula applied to ¯.
Consider the following commutative diagram:
H C′ = C¯′
X X¯ ′

˜ ˜

where X x= −1X ′ and ˜ is the morphism induced by −1 ◦  ◦ . Now
we can state the main result of this section.
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Theorem 6.2. The curve X¯ above is a maximal curve over q of genus
q−√q− 2=6. A plane model over q for X¯ is given by
FX;Y;Z
= cF ′(aX + Y + aq+1Z; aq+1X + aY +Z;X + aq+1Y + aZ = 0;
(6.2)
where a ∈ √q3 satisfies Lemma 4.7, c ∈ q3 such that c
√
q−1 = a, and
F ′X0;X1;X2 is the polynomial in (6.1).
Proof. The statement on the genus follows from Lemma 6.1(5) and the
diagram above. To see that X¯ is maximal, by [La, Prop. 6], it is enough to
show that X is defined over q. Let G′ be a minimal equation of X so that
G′X;Y;Z
x= F ′(aX + Y + aq+1Z; aq+1X + aY +Z;X + aq+1Y + aZ = 0:
Note that F ′X0;X1;X2 ∈ qX0;X1;X2 and that F ′X0;X1;X2 =
F ′X2;X0;X1, i.e., X ′ = X ′. Using these facts we obtain
G′X;Y;Zq = F ′(aqXq + Yq + aq2+qZq; aq2+qXq + aqYq +Zq;
Xq + aq2+qYq + aqZq
= F ′(Xq + aq2+qYq + aqZq; aqXq + Yq + aq2+qZq;
aq
2+qXq + aqYq + Zq:
Now from aq+
√
q+1 = 1 (cf. proof of Lemma 4.7) we get aq2+q+1 = 1; and,
since F ′X0;X1;X2 is a homogeneous polynomial of degree √q + 1; we
have that
G′X;Y;Zq = a−√q+1G′Xq;Yq;Zq:
Then X can also be defined by
FX;Y;Z x= cG′X;Y;Z with c√q−1 = a;
(so that c ∈ q3 as aq2+q+1 = 1), and since FX;Y;Zq = FXq;Yq;Zq
we are done.
Next we investigate the linear series DX¯ x= √q + 1P0 (cf. Sect. 2.2).
For i = 1; 2; 3, let P ′i ∈ X¯ ′ be the unique point over Ai and let Pi x=
−1P ′i ∈ X¯ . We notice that Pi 6∈ X¯q because Ai ∈ A1;A2;A3
and the coordinates of −1Ai do not belong to q.
Lemma 6.3. The first two positive Weierstrass nongaps at Pi above (i =
1; 2; 3) are 2√q− 1=3 and √q.
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Proof. Is a particular case of the discussion after Remark 5.5.
Proposition 6.4. Let X¯ be the maximal curve over q of Theorem 6.2.
Then
1. dimDX¯ = 3.
2. The DX¯ ; P orders are:
(i) 0; 1; 2 and
√
q+ 1 if P ∈ X¯q;
(ii) 0; 1; √q+ 1=3; and √q if P ∈ P1; P2; P3;
(iii) 0; 1; 2; and
√
q if P ∈ X¯ \ X¯q ∪ P1; P2; P3.
Proof. Set D x= DX¯ .
(1) It follows from Lemma 3.1(1) (or from Prop. 5.6 with d = 3).
(2) The D orders are 0, 1, 2 and
√
q by Lemma 3.1(2). From Lemma
6.3 and Section 2.2(1)(4) for each Pi (i = 1; 2; 3) the D; Pi orders are 0, 1;
√q+ 1=3; and √q. Hence, from Section 2.1(3), it follows that vPiRD =√q − 5=3. Now, using g = q −√q − 2=6 and the maximality of X¯; we
obtain
degRD − 3√q− 5=3 = #X¯q:
Then (2) follows by taking into consideration that j3P = √q + 1 at each
q-rational point (cf. Sect. 2.2(3)).
Remark 6.5. We can describe DX¯ via hyperplane sections on a certain
curve. Indeed, consider the morphism
' = 1 x x3 x y3 x xy: C′ → 3¯√q3
with x = X0=X2; y = X1=X2 ∈ ¯√q3C′ satisfying x
√
q + y + xy√q = 0. Let
Y x= 'C′ and let Pr denote the projection of 3¯q \ 0 x 0 x 0 x 1 from
the point 0 x 0 x 0 x 1 on the plane 2q ∼= x x y x z x 0 x x x y x z ∈
2¯q. Then, arguing as in Lemma 5.4, one can show that
(i) X ′ = PrY;
(ii) D = −1 ◦ Pr∗DX¯,
where D cuts Y by hyperplanes of 3¯√q3.
So far we have the following maximal curves X over q such that
dimDX = 3:
1. The nonsingular model of y
√
q + y = x√q+1=2, q odd, whose genus
is √q− 12=4 (cf. Remark 3.6(1));
2. The nonsingular model of
Pt
i=0 y
√
q=2i = x√q+1, q = 2t , whose
genus is
√
q√q− 2=4 (cf. Remark 3.6(2);
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3. A maximal curve of genus
√
q√q − 1=6, √q ≡ 0 (mod 3), (cf.
Remark 3.10).
4. A maximal curve of genus q−√q− 2=6 (cf. Theorem 6.2).
A natural question then is the following:
Question. Are all the maximal curves X over q (up to q isomor-
phism) with dimDX = 3 listed above?
Remark 6.6. Connections between maximal curves and nonclassi-
cal curves have been noticed in [FGT, Prop. 1.7]. More precisely,
a maximal curve over q of genus g is nonclassical provided that
g ≥ √q − 1. Hence, the examples obtained here are nonclassical for
d ≤ q−√q+ 1=2√q− 1. Most of the known examples of nonclassical
curves are Artin–Schreier extensions of rational function fields, with genus
a multiple of the characteristic [Sch], [G-Vi]. Thus, the maximal curves
obtained here are in fact new examples of nonclassical curves.
REFERENCES
[AT] M. Abdo´n and F. Torres, On maximal curves in characteristic two, Manuscripta
Math., to appear.
[C] A. Cossidente, A new proof of the existence of q2 − q + 1-arcs in PG2; q2,
J. Geom. 53 (1995), 37–40.
[CHKT] A. Cossidente, J. W. P. Hirschfeld, G. Korchma´ros, and F. Torres, On plane max-
imal curves, Compositio Math., to appear.
[CK] A. Cossidente and G. Korchma´ros, The algebraic envelope associated to a com-
plete arc, Rend. Circ. Mat. Palermo (2), Suppl. 51 (Recent Progress in Geometry,
E. Ballico, G. Korchmaros, Eds.) (1998), 9–24.
[CK1] A. Cossidente and G. Korchma´ros, “The Hermitian function field arising from a
cyclic arc in a Galois plane,” in Geometry, Combinatorial Designs and Related
Structures, London Math. Soc. Lecture Note Series 245, 63–68, Cambridge Univer-
sity Press, Cambridge, 1997.
[F] R. Fuhrmann, Algebraische Funktionenko¨rper u¨ber endlichen Ko¨rpern mit max-
imaler Anzahl rationaler Stellen, Ph.D. dissertation, Universita¨t GH Essen, Ger-
many, 1995.
[FGT] R. Fuhrmann, A. Garcia, and F. Torres, On maximal curves, J. Number Theory 67,
No. 1 (1997), 29–51.
[FT] R. Fuhrmann and F. Torres, The genus of curves over finite fields with many
rational points, Manuscripta Math. 89 (1996), 103–106.
[FT1] R. Fuhrmann and F. Torres, On Weierstrass points and optimal curves, (Recent
Progress in Geometry, E. Ballico, G. Korchma´ros Eds.) Rend. Circ. Mat. Palermo
(2) Suppl. 51 (1998), 25–46.
[G-Sti] A. Garcia and H. Stichtenoth, Algebraic function fields over finite fields with many
places, IEEE Trans. Inform. Theory 41, No. 6 (1995), 1548–1563.
[GT] A. Garcia and F. Torres, On maximal curves having classical Weierstrass gaps,
submitted (math.AG/9801106).
76 cossidente, korchma´ros, and torres
[G-Vi] A. Garcia and P. Viana, Weierstrass points on certain non-classical curves, Arch.
Math. 46 (1986), 315–322.
[Geer-Vl1] G. van der Geer and M. van der Vlugt, How to construct curves over finite fields
with many points, in “Arithmetic Geometry” (Cortona 1994) (F. Catanese Ed.),
pp. 169–189, Cambridge Univ. Press, Cambridge, 1997.
[Geer-Vl2] G. van der Geer and M. van der Vlugt, Generalized Reed-Muller codes and curves
with many points, Report W97-22, Mathematical Institute, University of Leiden,
The Netherlands (alg-geom/9710016).
[Go] V. D. Goppa, Algebraic-Geometric codes, Math. USRR-Izv. 21, No. 1, (1983),
75–91.
[H] J. W. P. Hirschfeld, Projective Geometries Over Finite Fields, second edition, Ox-
ford University Press, Oxford, 1998.
[HK] J. W. P. Hirschfeld and G. Korchma´ros, Embedding an arc into a conic in a finite
plane, Finite Fields Appl. 2 (1996), 274–292.
[HK1] J. W. P. Hirschfeld and G. Korchma´ros, The number of points on an algebraic
curve over a finite field, Bull. Belg. Math. Soc. Simon Stevin 5, Nos. 2/3 (1998),
313–340.
[Ih] Y. Ihara, Some remarks on the number of rational points of algebraic curves over
finite fields, J. Fac. Sci. Univ. Tokio Sect. IA Math. 28 (1981), 721–724.
[La] G. Lachaud, Sommes d’Eisenstein et nombre de points de certaines courbes
alge´briques sur les corps finis, C.R. Acad. Sci. Paris Se´rie I 305 (1987), 729–732.
[R-Sti] H. G. Ru¨ck and H. Stichtenoth, A characterization of Hermitian function fields
over finite fields, J. Reine Angew. Math. 457 (1994), 185–188.
[Sch] F. K. Schmidt, Zur Arithmetischen Theorie der Algebraischen Funktionen II. All-
gemeine Theorie der Weierstrasspunkte, Math. Z. 45 (1939), 75–96.
[Se] B. Segre, Introduction to Galois geometries, Atti Accad. Naz. Lincei 8 (1967),
133–236.
[Sel] E. S. Selmer, On the linear diophantine problem of Frobenius, J. Reine Angew.
Math. 293/294 (1977), 1–17.
[Sti-X] H. Stichtenoth and C. P. Xing, The genus of maximal function fields, Manuscripta
Math. 86 (1995), 217–224.
[SV] K. O. Sto¨hr and J. F. Voloch, Weierstrass points and curves over finite fields, Proc.
London Math. Soc. 52 (1986), 1–19.
[T] F. Torres, On certain N–sheeted coverings of curves and numerical semigroups
which cannot be realized as Weierstrass semigroups, Comm. Algebra 23, No. 11
(1995), 4211–4228.
